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Abstract

A Monte Carlo method is applied to simulate the extinction of a laser beam collimated on a suspension of ¯y-ash

particles. The objectives are to evaluate the method by comparing predicted angular distributions of the scattered

intensities with measurements available in the literature, to investigate the in¯uence of multiple scattering on these

measurements and to estimate the sensitivity of the results on the complex refractive index of the medium. The Lorenz±

Mie theory is used to model the radiative properties of the particles. The examined cases showed that their scattering

behaviour is sensitive on the imaginary part of their refractive index, for which widely varying values are available in the

literature. The proportion of multiple scattering in the total scattered intensity, as received in various angular positions,

is calculated. That allows the estimation of angular regions where this proportion is minimised. Ó 2001 Elsevier

Science Ltd. All rights reserved.
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1. Introduction

It is desirable to test general solution methods for

radiant heat exchange problems against simple exper-

iments where the independent parameters can be con-

trolled precisely and the dependent quantities can be

measured with su�cient accuracy. Motivated by this

interest, the present article describes the numerical sim-

ulation of the nephelometric experiment reported in [1].

In this experiment a cloud, nephos, of ¯y-ash particles

was irradiated by a laser beam and the scattered inten-

sity was measured on a grid of angular positions. There

are some reasons that make this experiment attractive

for numerical simulation.

The ®rst one is that laser beams are used in many

diagnostic techniques. General reviews of this wide ®eld

are available in [2±4]. A class of these techniques is based

on the extinction of the laser by the participating me-

dium. For this class, a model for the beam propagation

is useful as the direct step in an inverse analysis [5]. In

other laser-based diagnostics, the extinction of the beam

is undesirable. In these cases, the application of a de-

tailed radiative transfer model may help to optimise a

particular technique or identify its limitations. Laser

Doppler anemometry [6], for example, is based on laser

scattering from the particles entrained in a ¯ow. How-

ever, multiple scattering may reduce the applicability of

this method in ¯ows where the particle phase is dense. It

is therefore valuable to identify, using a radiative

transfer model, the measuring positions where the ratio

of the multiple over the total received scattered intensity

is minimised. Such an attempt is reported in Section 3.3.

Another reason for simulating a nephelometric ex-

periment is that a laser is monochromatic radiation. In

model validation, this fact allows to avoid the intricacies

associated with the wavelength dependence of the radi-

ative transfer equation and its terms. In a similar con-

text, the negligible angular divergence of a laser beam

o�ers an additional advantage for model evaluation

because it simpli®es the treatment of the angular de-

pendent terms. This is particularly interesting for the

methods based on ray-tracing, such as Monte Carlo

[7,8], discrete transfer [9,10], discrete direction [11], and

other variants [12,13], because it o�ers the possibility to

experimentally verify their elementary building block,

which is the single ray.
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In a scattering environment, tracing of a single ray is

still a complex algorithmic entity. Three distinct al-

gorithmic steps can be validated through the numerical

simulation of a nephelometric experiment: ®rst, calcu-

lation of the radiative properties of a single particle;

second, extension of these properties from a single par-

ticle to a suspension of particles following a size distri-

bution; and third, transfer of the collimated ray through

the particle cloud. Relevant experimental work, on the

single and cloud particle levels, is reviewed in [14,15],

respectively. For the ®rst algorithmic step, the Lorenz±

Mie theory (LMT) is adopted in the present study for

calculating the extinction and scattering e�ciencies and

the phase function of a single particle. The assumptions

here are that the particles are spherical and homoge-

neous. In the second step, the parameters calculated by

LMT are extended to the particle cloud through aver-

aging over a particle size distribution (psd). The under-

lying assumption for this averaging is that either the

number density of the particles is low per control vol-

ume, or the dimensions of every control volume are

small enough to avoid multiple scattering within this

volume. This assumption allows the calculation of the

cloud properties as a simple summation of the corre-

sponding properties of each particle. The third step is

the transfer model. For this step, the simulation of the

nephelometric experiment may bring into light the in-

¯uence that the multiple scattering and the extinction of

the scattered intensity may have on the measured an-

gular distribution of the scattered radiation.

Another reason that makes the experiment of

Boothroyd et al. [1] attractive for simulation is that these

authors examined a cloud of ¯y-ash particles. Fly-ash is

considered a signi®cant contributor to radiative heat

transfer in pulverised coal furnaces [16±19]. However,

measurements of the wavelength dependent optical

properties of ¯y-ash published by Goodwin and Mitch-

ner [20] showed that the imaginary part of the complex

refractive index might had been overestimated in previ-

ous studies. These measurements were also discussed in

[21,22]. Scattering of ¯y-ash particles has been investi-

gated using Monte Carlo methods by Gupta et al. [18]

and Marakis et al. [23]. Both studies examined furnace-

like enclosures with the former work accepting imaginary

part of the complex refractive index in the range between

0.5 and 0.005, while the latter adopted the newer mea-

surements of Goodwin and Mitchner. The present study

approaches the topic of ¯y-ash scattering from a more

microscopic point of view. The nephelometric experi-

ment is a highly simpli®ed con®guration compared with

the test cases examined in [18,23]. This fact allows the

more detailed accumulation of the information generated

by tracing the energy packets, which in turn makes

possible the quanti®cation of e�ects such as multiple

scattering or absorption of the scattered light.

The numerical investigations that will be presented in

this article are based on a Monte Carlo method. The

applications of this method in the ®eld of radiative heat

transfer have been recently reviewed by Howell [8], while

detailed descriptions can be found in textbooks [7,24,25],

or monographs [26±28]. The method is formulated in the

next section with the emphasis on derivation of the

probability density functions (pdfÕs) used for sampling

the scattering directions. The same section describes the

algorithm used for calculating the radiative properties of

the particle cloud. In Section 3, Monte Carlo is initially

validated against the experimental data of Boothroyd

et al. [1]. After that, sensitivity analyses aiming to de-

termine the in¯uence of the optical properties and the

multiple scattering on the measurements cited in [1] are

presented. The concluding remarks of these analyses are

discussed and summarised in the last paragraphs.

Nomenclature

C cross-section

f particle size distribution

g asymmetry factor

p probability density function

Q scattering or extinction e�ciency

q parameter in Eq. (11)

R cumulative distribution function

S1, S2 complex scattering amplitude functions

t parameter in Eq. (11)

x size parameter

Greek symbols

C gamma function

# polar angle

u azimuthal angle

Subscripts

20 mean quadratic diameter

c conditional

i incident

LMT Lorenz±Mie theory

m marginal

p most probable (peak) diameter

s scattering

Superscripts

) (overbar) psd-averaged

Abbreviations

cdf cumulative distribution function

pdf probability density function

psd particle size distribution

990 J.G. Marakis et al. / International Journal of Heat and Mass Transfer 44 (2001) 989±998



2. Formulation

2.1. Description of the Monte Carlo algorithm

The nephelometric experiment of Boothroyd et al. [1]

is schematically shown in Fig. 1. A laser beam illumi-

nates a cloud of particles suspended in a cylindrical bed

and the scattered light is collected on a grid of angular

positions #. The fundamental hypothesis for the Monte

Carlo simulation of this experiment is to consider the

laser beam as being composed of an amount of discrete

energy packets. These packets, as they propagate in the

bed, may be scattered towards the direction at angle #
(Fig. 1, ray A). The angular distribution of the scattered

intensity is numerically recovered by tracing these

packets until they reach a distant surface, a virtual de-

tector which stands for the collecting optics, where they

are counted. The distance of this detector from the

centre of the bed is much bigger than the diameter of the

bed and therefore the scattering polar angle, referenced

to an absolute system of axes attached to the beam, and

the detection angle # are practically the same.

Energy packets propagating at angle # after single

scattering, may not be detected since they can be either

absorbed (Fig. 1, ray B), or they may undergo a second-

or higher-order scattering which will change their

propagation direction towards some other angle (Fig. 1,

ray D). Except from the packets originating from single

scattering, the detector at angle # receives packets which

have been multiply scattered from all the other direc-

tions towards the examined line of sight (Fig. 1, ray C).

Furthermore, it is accepted that the virtual detector

counts only the packets coming from ®rst- or higher-

order scattering. Thermal emission by the particles, or

re-emission of the absorbed laser intensity is considered

in the present study as negligible. The former assump-

tion is always valid because of the calibration of the

nephelometric instrument, while the latter is valid for the

experimental conditions that will be examined in Section

3. Dependent scattering is outside the scope of the

present study and therefore is not taken into account.

The energy packets are emitted from a cross-section

normal to the beam and positioned in an arbitrary small

distance outside the bed. The emission points are uni-

formly distributed on this cross-section. This is done

because in the experiment of Boothroyd et al., the beam

was initially expanded and then the peripheral part was

clipped in order to provide a constant intensity distri-

bution in reference with the beam radius. Furthermore,

the polar and azimuth angles of the emission direction

are ®xed, such that the packets before their ®rst scat-

tering event are always con®ned within the beam.

Each of the emitted packets carries its own adapted

relative system of axes. This system is used to determine

the actual position of the energy packet after each

propagation step. If propagation is transmission

through the medium, then the relative system is simply

transferred with the packet. If scattering takes place, the

relative system is rotated with angles u and #, de®ned in

later paragraphs, such that the z-axis always remains

coincident with the propagation direction. Transforma-

tions between the relative and the absolute system are

made using an appropriate rotation matrix. A simple

algorithm de®nes the intersection points between the

propagation direction and the surfaces of the control

volumes. For each ray, the output of this algorithm is an

array containing the lengths travelled within the traced

volumes until a boundary is reached. Every time an

energy packet is emitted, a random number Rb is cal-

culated. Extinction occurs at the point satisfying the

equation

lnRb �
XLÿ1

l�1

slbk;l � sLbk;L � 0; �1�

where Lÿ 1 are the intersection points, sl the length

travelled inside the lth volume, sL the distance between

the last intersection and the extinction point, and bk;l is

the monochromatic extinction coe�cient of the lth vol-

ume.

At the extinction point, the decision whether the

energy packet is absorbed or scattered is made by

comparing another random variable Rx;k with the scat-

tering albedo xk of the medium. If Rx;k is greater than

xk, extinction is translated into absorption. In this case,

the energy packet is tallied on the counter corresponding

to the currently traced volume and the next energy

packet is ejected from the emission cross-section. If Rx;k

Fig. 1. A schematic of the nephelometric experiment. Ray A:

single scattering detected at angle #; rays B and D: extinction

after single scattering; ray C: detection of multiple scattering at

angle #.
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is less than xk, then extinction is translated into scat-

tering. The energy packets are traced until they reach a

coaxial to the bed cylinder which has a radius much

bigger than the radius of the bed. This cylinder has a

ring which is positioned at the same level as the con®ned

bed and has the same height with it. The ring is subdi-

vided into 360 elements with equal surface, each one

representing the collecting optics. If an energy packet

hits this ring then, depending on the detection angle #,

one of the corresponding 360 counters is increased,

otherwise tracing stops and the next energy packet is

ejected.

2.2. Sampling of the scattering angles

Scattering is considered as simultaneous absorption

and anisotropic re-emission [7]. The functions for

sampling the azimuth and polar angles of the after-

scattering direction will be systematically derived in the

following paragraphs. The reason is that in the general

case where scattering is described by a Mueller matrix

[29], these angles are not independent and therefore the

after-scattering direction is given by a joint probability

function. In the special case where radiation is non-

polarised, only the S11 element of the Mueller matrix is

retained, which makes u and # independent. Non-

polarised radiation is experienced in furnaces. This is

the reason why the polarisation state of the laser beam

used in the nephelometric experiment in [1] was turned

to circular, which is an acceptable approximation of

non-polarised radiation. The azimuthally independent

phase function which is derived by retaining only the

S11 element was discussed in [30], and it will also be

adopted in this study. Nevertheless, the derivation of

sampling functions for u and # as marginal and con-

ditional pdfÕs of a joint function, except for improving

the consistency of the method, may also be useful in a

future work where it can be applied for the case of a

complete phase matrix.

The probability that an energy packet will follow an

after-scattering direction con®ned within a solid angle

interval dX and inclined at angles u, # to the direction of

incidence is expressed as the ratio of the power scattered

into dX to the power scattered into all directions

p�#;u� dX � CsIi�X0� dX0U�#;u� dXR
4p CsIi�X0� dX0U�#;u� dX

: �2�

In Eq. (2), Cs is the single scattering cross-section, Ii�X0�
is the incident intensity within the solid angle dX0, u and

# are the azimuth and polar angles of the scattering

direction and U�#;u� is the phase function. X; X0; u
and # are referred to the relative system of axes carried

by the packet. Following the notation of Bohren and

Hu�man [29], the normalisation of the phase function is

such that

Z
4p

U�#;u� dX �
Z 2p

0

Z p

0

U�#;u� sin # d# du � 1 �3�

and thus p�#;u� reduces to the scattering phase function

U�#;u�. The next step is to introduce the cumulative

distribution function (cdf), which expresses the joint

probability that a scattered energy packet will follow a

direction inclined, in reference with the incident, with a

polar angle ranging from 0 to # and with an azimuth

angle ranging from 0 to u.

R�#;u� �
Z u

0

Z #

0

U�#;u� sin # d# du: �4�

The cdf R�#;u� depends on both the polar and azimuth

angles. Therefore it cannot be used directly for sampling

one of them. The required functions are derived through

the de®nition of the marginal and conditional cdfÕs. For

the joint cdf (4), two marginal functions can be de®ned

corresponding either to the azimuth or the polar angle.

Without loosing generality, only the former marginal cdf

and its corresponding conditional will be further exam-

ined.

Rm;u �
Z u

0

Z p

0

U�#;u� sin # d# du; �5�

Rc;#ju �
R u

0

R #
0

U�#;u� sin # d# du

Rm;u
: �6�

Eq. (5) expresses the probability that the scattered en-

ergy packet will follow a direction having an azimuth

angle ranging from 0 to u independently of the value

that the polar angle will take. Eq. (6) expresses the

probability that the scattering direction will have a polar

angle # under the condition that the azimuth angle has

already taken the value u. The integrals in Eqs. (5) and

(6) are numerically evaluated on an angular grid as will

be presented in Section 3.1.

Assuming that the ¯y-ash particles of the bed are

spherical, homogeneous, isotropic and non-magnetic,

the LMT of elastic scattering can be applied. The ap-

plicability of these assumptions is discussed in [1,18±

23,30], while it will be further examined in Section 3.1.

The azimuthally independent phase function which is

derived from the complete phase matrix by ignoring the

polarisation state is

ULMT�#� � S11�#�
px2Qs

: �7�

In Eq. (7), Qs is the single scattering e�ciency, x the

size parameter de®ned as x � pD=k, where D is the

particle diameter, k the wavelength and S11�#� �
�jS1�#�j2 � jS2�#�j2�=2, where S1 and S2 are the complex

scattering amplitude functions. These depend, except of

the scattering angle, on the size parameter and the

complex refractive index and are calculated in this study
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by the BHMIE program of Bohren and Hu�man [29].

Introduction of Eq. (7), turns Eqs. (5) and (6) into

Rm;u � u
2p

�8�

and

Rc;#ju � 1

x2Qs

Z #

0

jS1�#�j2
�

� jS2�#�j2
�

sin # d#: �9�

Sampling of the after-scattering angles can be done us-

ing the pair of Eqs. (8) and (9). Furthermore, it can

easily be shown that Rc;uj# � Rm;u, Rc;#ju � Rm;# and

therefore the choice of either the polar or the azimuth

angle to de®ne the marginal and conditional functions

leads to the same pair of sampling equations.

The extinction coe�cient bk appearing in Eq. (1), the

scattering albedo xk used to interpret extinction of an

energy packet as either absorption or scattering and the

phase function ULMT�#� appearing in Eq. (7) refer to a

monodispersed particle cloud. In the general case where

the particles follow a size distribution f �D�, they have to

be replaced by their averaged equivalents bk, xk and

ULMT�#�. Details for the calculation of the ®rst two

parameters, as well as the psd-averaged extinction and

scattering e�ciencies needed in this calculation, can be

found in many references, e.g. [20,23]. The third

parameter, the psd-averaged phase function is estimated

in analogy to Eq. (7) as

ULMT�#� � S11�#�
a2Cs

; �10�

where a � 2p=k, Cs � �p=4�D2
20Qs, D20 is the quadratic

mean diameter of a size distribution, Qs the psd-

averaged scattering e�ciency and S11�#� �R1
0

S11�#�f �D� dD. In the next section, the size distri-

bution f �D� will be given both analytically, in the case

where a sensitivity analysis will be performed, and as a

discontinuous function as it is measured in [1]. In the

latter case, the integral to calculate S11�#� is replaced by

a summation over the classes of the particle diameter.

3. Results

In their nephelometric experiment, Boothroyd et al.

[1] used a 50 mW He±Ne laser (0.633 lm wavelength) to

illuminate ¯y-ash particles ¯uidised in a cylindrical bed

of 25 mm diameter and 20 mm height. The beam was

initially expanded to 24 mm diameter and then clipped

to 5 mm in order to provide a ``top hat'' pro®le with

practically constant intensity. Ash particles were con-

sidered to be uniformly dispersed in the bed. In order to

account for possible agglomeration, psd's were mea-

sured using both a Coulter counter (thereafter Coulter

psd) and a Malvern di�raction sizer (thereafter Malvern

psd). The extinction of the beam was estimated in the

range from 1% to 2%. Comparisons were made in [1]

between the measured and the calculated by LMT an-

gular distribution of the scattered intensity using as re-

fractive index for the ¯y-ash particles the value

n� ik � 1:5� i0:012.

3.1. Simulation of the nephelometric experiment

The motivation for the numerical simulation of the

nephelometric experiment is to validate the models

presented in Section 2 and to extract information that

will assist laser-based diagnostics applied in dense two-

phase ¯ows. The distinction between the solutions ob-

tained by the LMT and the Monte Carlo simulation is

hereby recalled; the former states that the wavelets or

energy packets by which the laser beam is decomposed

may interact with some particle only once, the latter

allows the second- or higher-order interaction with other

particles. Therefore, even though in Monte Carlo every

individual interaction obeys the Lorenz±Mie solution,

the ``measured'' after the numerical experiment scatter-

ing pattern may di�er from the Mie prediction inasmuch

as it is composed of a superposition of single scattering

patterns. It should, however, be noted that even in the

case that the illuminated cloud is dilute enough to avoid

any multiple scattering e�ects, the simulation of a

nephelometric experiment remains an interesting and

demanding test case for validating a numerical radiative

transfer model.

The bed is subdivided in a small number of 2D

cylindrical axisymmetric control volumes. This is done,

even though the cloud is homogeneous, to facilitate the

ray-tracing algorithm and the application of Eq. (1). The

scattering albedo of the ash particles is estimated as the

ratio of their scattering over extinction e�ciencies,

which in turn are de®ned by averaging over the Malvern

psd. No signi®cant di�erences were observed when the

same procedure was applied to the Coulter psd. In this

paragraph, the complex refractive index is accepted as

suggested in [1].

Since Eq. (9), which is used for sampling the scat-

tering polar angle, cannot be directly inverted, the in-

tegral of the right-hand side is calculated for a ®ne

angular mesh. The intervals of this mesh are varying in

order to capture the strong forward lobe of the phase

function, as well as the weaker but interesting, in some

applications, backward lobe. Speci®cally, in the angular

range 0±3° the grid resolution is 0.01°; in the range

3±10°, the angular interval is 0.05°; then in the range

10±20° is increased to 0.1°; further increased to 1° in the

range 20±150° and again becomes ®ner (0.1°) at the

backward direction (150±180°). After the numerical

integration of the cdf (9) on this grid, the di�erence

between the calculated and the expected value of 1 was

found always lower than 10ÿ4 and therefore no
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normalisation of the cfd was applied. Sampling of the

polar angle is made by ®rst assigning a random value to

Rc;#ju, then ®nding the angular interval of the mesh

where this value falls and then interpolating between

the nearest points. Statistics are calculated after re-

peating the simulation for nine sets of 4� 109 energy

packets.

Results of this simulation are presented in Fig. 2. In

this ®gure, the angular intensities I�#� calculated by Mie

theory have been normalised by the forward intensity

I�0�, while the Monte Carlo results represent this ratio

by the number of energy packets received at angular

position # divided by the number of packets received at

# � 0. The ®rst observation in Fig. 2 is that there is an

excellent agreement between Mie and Monte Carlo re-

sults for all the angles except of the range 110±155°
where the agreement is fairly good. It will be shown in

Section 3.3 that in this region the ratio of the multiple

over the total scattering is maximised. However, this is

also the region where the numerically simulated received

signal is minimised and therefore some in¯uence of

statistical ¯uctuation is also present.

In order to quantify the scattering behaviour of the

medium, three indices have been calculated using data

from the Monte Carlo simulation. The ®rst one is the

sum of energy packets received at all the angular pos-

itions after multiple scattering over the total amount of

the received scattered packets. This index was found

equal to 0:486� 10ÿ2 � 0:1� 10ÿ4, con®rming that the

experiment of Boothroyd et al. was well designed to

avoid any signi®cant e�ect of multiple scattering. The

second index is the ratio of the packets absorbed after

single scattering over the totally detected single scatter-

ings. This index is a measure of the extinction of the

single scattering signal before it is detected. It was found

equal to 0:262� 10ÿ2 � 0:1� 10ÿ4, implying that the

detected were almost equal to the actual single scatter-

ings. Furthermore, in the cases where detection of

multiple scattering is undesirable, a measure of the

ability of the medium to cancel this detection may be

useful. This is given by the third index, which is the ratio

of the packets absorbed after multiple scattering over

the total amount of the detected multiple scattered

packets. For the conditions of the examined experiment,

the third index was found equal to 0:184� 10ÿ2 �
0:5� 10ÿ4. The calculation of these three indices is an

example of the ¯exibility of the Monte Carlo method

and the insight it may provide for the analysis of com-

plex radiative transfer phenomena.

Mie and Monte Carlo results agree with the experi-

mental data in the forward direction (15°) and in the side

and backward regions (105±180°). A discrepancy is ob-

servable between 15° and 105°. This should be attributed

to minor deviations of the actual particles from the ideal

sphericity, surface regularity and homogeneity imposed

by LMT. However, the important point in Fig. 2 is that

the curves remain below the ordinate 10ÿ4 for a very

wide range of angles (# � 15° to 180°), while approach

in their minimum even the 10ÿ6 ordinate. This is an in-

dication that the total scattered intensity is a very small

portion of the radiation that propagates within the ®rst

1±2° of the polar angle. Therefore, although detectable

and signi®cant for many diagnostic applications, single

scattering of ¯y-ash can hardly realised as an important

heat transfer mechanism. That is shown in detail in this

paragraph for the wavelength k � 0:633 lm, while a

relevant discussion for the whole thermal spectrum is

cited in [23]. The multiple scattering of ¯y-ash is inves-

tigated in Section 3.3.

3.2. In¯uence of the optical properties

It is known that the complex refractive index is a key

parameter in¯uencing the extinction behaviour of par-

ticles. However, uncertainties still do exist about the

value of the imaginary part of this index for ¯y-ash and

its dependence on the particle composition. It has been

mentioned in Section 1 that Goodwin and Mitchner [20]

found a strong wavelength dependence for the imagi-

nary part of this index and generally lower values than

what was previously accepted in the literature. In order

to evaluate the sensitivity of the results presented in

Section 3.1 on the optical properties, the measurements

of Goodwin and Mitchner [20], as correlated by Liu and

Swithenbank [22], have been used to estimate the com-

plex refractive index for the wavelength of the He±Ne

Fig. 2. Angular distributions of the scattered intensities nor-

malised with the intensity at angle # � 0. The solid line, cor-

responding to the Mie theory, is the scattering pattern

calculated considering only single scattering. The cycles corre-

spond to Monte Carlo and they form the scattering pattern

after allowing for multiple scattering.
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laser. This index was found to be m � n� ik � 1:5 �
i0:493� 10ÿ4, a value that has signi®cantly lower

imaginary part than what was accepted in the previous

paragraph. This is an e�ect of the wavelength depen-

dency of k. It can be seen in Fig. 1 of [20] that the

measured k has very low values in the region of the

visible wavelengths and only after k � 8 lm approaches

the previously accepted value. The e�ect of these dif-

ferent optical properties is analysed in the following

paragraphs.

The angular distributions of the non-normalised

scattered intensities as predicted by LMT for the Mal-

vern psd and for refractive indices according to [1,20] are

presented in Fig. 3. It is evident in this ®gure that the

index of Goodwin and Mitchner resulted signi®cantly

stronger backward lobe compared to the index of

Boothroyd et al. This attribute has been found valid for

all the diameters of the Malvern psd. Especially for di-

ameters greater than 50 lm, the combination of the in-

dex m � 1:5� i0:012 with the wavelength of the He±Ne

laser resulted complete cancelling of the backward lobe.

Furthermore, it can be observed in Fig. 3 that the line

corresponding to the index reported in [20] lies over the

line of [1] for all the angles, except of the forward di-

rection and a rather small region around 120° where

they practically coincide. Therefore, it is expected that

the asymmetry factor exhibits dissimilarities for the two

indices.

In order to quantify this expectation and recover the

in¯uence of particle size on the results presented in

Fig. 3, radiative properties of particles with diameters

from 1 to 200 lm have been calculated for every 0.5 lm

for the two indices. The calculated asymmetry factor is

presented in Fig. 4 for diameters up to 30 lm. For larger

diameters, this parameter was found practically constant

around 0.82 and 0.95 for the optical properties accord-

ing to [1,20], respectively. Although this is a signi®cant

di�erence, it can be seen in Fig. 5 that even more distinct

are the albedos of these two kinds of particles. For

k � 0:49� 10ÿ4, x is between 1 and 0.98 for the

Fig. 3. The in¯uence of the ¯y-ash optical properties on the

angular distribution of the scattered intensities. Calculations

correspond to single scattering (Mie theory) and the wavelength

of the He±Ne laser.

Fig. 4. Comparison of the asymmetry parameter for complex

refractive indices according to Boothroyd et al. [1] and Good-

win and Mitchner [20] for a range of ¯y-ash particle diameters

and k � 0:633 lm.

Fig. 5. Comparison of the scattering albedos for two di�erent

refractive indices of ¯y-ash in the range of 0±30 lm particle

diameters and 0.633 lm wavelength.
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diameter range 0±30 lm, while after this range it remains

practically constant up to 200 lm. For k � 0:12� 10ÿ1,

the albedo has the value 0.95 for very small particles,

sharply declines to 0.55 for diameters around 20 lm and

retains this value up to 200 lm. The di�erences in the

extinction e�ciency, shown in Fig. 6, are minor with the

¯y-ash of [20] exhibiting a more oscillating behaviour

around the values calculated for the ¯y-ash of [1]. In

summary, clouds made of ¯y-ash particles with optical

properties according to [1,20] will extinguish rather

equally the incident laser beam, with the former cloud

having the tendency of more forward scattering. How-

ever, in the latter cloud almost every extinction event

will be scattering since the albedo is characteristic of a

conservatively scattering medium, and that indepen-

dently of the particle diameter. Furthermore, it can be

seen in Figs. 4±6 that the variation of the examined

properties in respect of the particle diameter is smooth

enough to be adequately represented by a psd-averaged

property.

3.3. In¯uence of multiple scattering

The concentration of the ash particles in the experi-

ment examined in Section 3.1 was dilute enough to

practically avoid multiple scattering. However, this

phenomenon plays an important role in many practical

systems. In order to gain a better insight, a numerical

experiment is performed concerning the extinction of the

same laser beam by a suspension of particles with con-

siderably higher optical depth. The relevant data are

summarised in Table 1. Particles are assumed to follow

the refractive index of [20] and a gamma size distribution

[17]

f �D� � tb�q�1�=tDqeÿqD=Dp

C��q� 1�=t� : �11�

In Eq. (11), C�x� denotes the gamma function of the

variable x, b � �q=t�Dÿt
p , Dp is the most probable (peak)

diameter and q; t are adjustable parameters. The psd-

averaged asymmetry factor, scattering albedo and ex-

tinction e�ciency are found equal to 0.79, 0.99 and 2.2,

respectively. The optical depth of the bed is equal to

0.625 and therefore the extinction of the laser beam is

estimated in the order of 46.5%. This is considerably

higher than the case of 1±2% extinction examined in

Section 3.1.

The combination of the increased optical depth and

the very high albedo implies that the energy packets may

undergo a high percentage of multiple scattering before

reaching the virtual detector. To quantify that, seven

sets of 108 packets were traced and the qualitative in-

dices of Section 3.1 were calculated. The ratio of the

multiple scattered packets over the totally detected was

found equal to 0:2731� 0:1� 10ÿ3. The percentages of

the packets absorbed after single and multiple scattering

were found insigni®cant. That was expected due to the

very high albedo which favours scattering in place of

absorption events.

The angular distribution of the intensities detected

after single and multiple scattering, together with the

distribution of the total detected energy packets is

plotted in Fig. 7. All the values depicted in this ®gure

have been normalised by the amount of energy packets

received at # � 0. It can be observed that the line

Fig. 6. Extinction e�ciencies depending on the refractive index

of ¯y-ash particles for the 0±30 lm diameter range and 0.633

lm wavelength.

Table 1

Data used for the case of increased optical depth

Input data Calculated data

Size distribution Dp 6.0 (lm) Size distribution D20 7.3 (lm)

q 2 (dimensionless) D30 7.9 (lm)

t 2 (dimensionless) D32 9.0 (lm)

Density q 2:6� 103 (kg/m3) Extinction e�ciency �Qb 2.2 (dimensionless)

Concentration c 1:8� 10ÿ2 (kg/m3) Asymmetry factor �g 0.79 (dimensionless)

Refractive index n� ik 1:5� i0:493� 10ÿ4 Albedo �x 0.99 (dimensionless)
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corresponding to total scattering has a wider forward

lobe compared with the single scattering line, while it lies

over this line for the whole angular range. A smoothing

e�ect due to multiple scattering is apparent in Fig. 7,

implying that the medium tends to be sensed by the

virtual detector as an increasingly isotropic scatterer as

the proportion of multiple scattering also increases.

Another observation that can be made in Fig. 7 is

that the line of multiple scattering lies over the line of

single scattering in the region between 105° and 150°.

This observation implies that in this angular interval the

majority of the received packets originate from multiple

scattering. In order to obtain a clearer picture, the ratio

of the multiple over the total received intensity is plotted

in Fig. 8. The minimum values of this ratio occur in the

®rst 6°. However, it should be noted that this angular

region is not easily handled in laser measurements due to

the interference of the collecting optics and the trans-

mitted beam. Instead, the small angular interval between

160° and 170° in the backward direction would be

preferable for laser measurements as it o�ers relatively

clear single scattering signal.

4. Conclusions

In this paper, a Monte Carlo method was applied to

simulate the extinction of a laser beam irradiating a

cloud of ¯y-ash particles. The objective was threefold:

®rst, to validate the method and the accompanying

models against a simple well-de®ned experiment; second,

to demonstrate how this method could be potentially

used to assist laser-based diagnostics, and third, to de-

rive any ®rm conclusion about the e�ect of ¯y-ash on

radiative heat transfer in coal furnaces.

It was shown that the combination of the Monte

Carlo algorithm and the exact Lorenz±Mie phase func-

tion correctly recovered the angular distribution of the

scattered intensity at distant detection points. This is a

simple numerical experiment intended for code valida-

tion of ray-tracing algorithms in scattering media. Fur-

thermore, a decisive parameter for the application of

laser diagnostics in dense two-phase ¯ows is the pene-

tration length for which the scattered light can be

meaningfully recovered. It was shown how the devel-

oped method helped to identify an angular interval

where, if these measurements were applied for ¯y-ash,

the detection of multiple scattering would have been

minimised.

All the computations and analyses of this study were

monochromatic, restricted on the wavelength of the He±

Ne laser. However, two observations that can be ex-

tended to the whole thermal spectrum have been made:

®rst, ¯y-ash scattering is so anisotropic in the forward

direction that neglecting of scattering is a reasonable

approximation in applications where only single scat-

tering is favoured, and second, multiple scattering tends

to smooth the sharp forward single scattering pattern.

The latter observation has been made for the test case of

increased optical depth although the dimensions of the

examined bed were considerably small. Therefore, in

modelling of large-scale furnaces where the control

volumes, due to computing restrictions, have multiples

of the examined dimensions, an even stronger smoothing

e�ect of multiple scattering is expected. In this case, the

introduction of an apparent phase function calculated as

a modi®cation, due to multiple scattering, of the exact

Lorenz±Mie phase function, seems to be the feasible

future modelling approach.
Fig. 8. Angular distribution of the multiple over the total

scattering ratio for the case of increased optical depth.

Fig. 7. Angular distributions of the single, multiple and total

scattered intensities for the case of increased optical depth.
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